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OUTLINE

• What is density-functional theory? (Part I)
• What does it take to perform these 

calculations? (Part II)
• Why is it relevant for science and 

technology? (Part III)
• What can it do? and cannot do? (Part III)

(to keep in touch, info in the Learn section of the 
Materials Cloud website, and https://bit.ly/3eqighg)
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THE TOP 100 PAPERS:
12 papers on density-
functional theory in 
the top-100 most 
cited papers in the 
entire scientific 
literature, ever.

NATURE,  OCT 2014
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 Journal # cites Title Author(s) 

1 PRL (1996) 78085 Generalized Gradient Approximation Made Simple Perdew, Burke, Ernzerhof 

2 PRB (1988) 67303 Development of the Colle-Salvetti Correlation-Energy … Lee, Yang, Parr 

3 PRB (1996)   41683 Efficient Iterative Schemes for Ab Initio Total-Energy … Kresse and Furthmuller 

4 PR (1965) 36841 Self-Consistent Equations Including Exchange and Correlation … Kohn and Sham 

5 PRA (1988) 36659 Density-Functional Exchange-Energy Approximation ... Becke 

6 PRB (1976) 31865 Special Points for Brillouin-Zone Integrations Monkhorst and Pack 

7 PRB (1999) 30940 From Ultrasoft Pseudopotentials to the Projector Augmented … Kresse and Joubert 

8 PRB (1994) 30801 Projector Augmented-Wave Method Blochl 

9 PR (1964) 30563 Inhomogeneous Electron Gas Hohenberg and Kohn 

10 PRB (1993) 19903 Ab initio Molecular Dynamics for Liquid Metals Kresse and Hafner 

11 PRB (1992) 17286 Accurate and Simple Analytic Representation of the Electron … Perdew and Wang 

12 PRB (1990) 15618 Soft Self-Consistent Pseudopotentials in a Generalized … Vanderbilt 

13 PRB (1992) 15142 Atoms, Molecules, Solids, and Surfaces - Applications of the … Perdew, Chevary, … 

14 PRB (1981) 14673 Self-Interaction Correction to Density-Functional Approx. … Perdew and Zunger 

15 PRB (1986) 13907 Density-Functional Approx. for the Correlation-Energy … Perdew 

16 RMP (2009) 13513 The Electronic Properties of Graphene Castro Neto et al. 

17 PR (1934) 12353 Note on an Approximation Treatment for Many-Electron Systems Moller and Plesset 

18 PRB (1972) 11840 Optical Constants on Noble Metals Johnson and Christy 

19 PRB (1991) 11580 Efficient Pseudopotentials for Plane-Wave Calculations Troullier and Martins 

20 PRL (1980) 10784 Ground-State of the Electron-Gas by a Stochastic Method Ceperley and Alder 
 

MOST CITED PAPERS IN THE HISTORY OF APS

Apr 2019
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Yet today, we’re in the midst of a 
materials revolution. Powerful 
simulation techniques, combined 
with increased computing power 
and machine learning, are 
enabling researchers to automate 
much of the discovery process, 
vastly accelerating the 
development of new materials

BARRON’S (April 2019)
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SOME OPTIMISM
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MORE OPTIMISM



Nature, May 2016
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EVEN A CELLPHONE CAN DO IT



If brick-and-mortar laboratories 
were to follow this pace, an 
experiment that took one year in 
1988 would take one second in 
2020 (32-million-fold in 32.5 
years)

Sum of the top 500 supercomputers

Number 1

Number 500
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THE BUSINESS MODEL OF COMPUTATIONAL SCIENCE: 
THROUGHPUT CAPACITY DOUBLING EVERY 16 MONTHS

Computing power 1993-2019 (TOP 500 – Wikipedia)
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SOFTWARE AS A SCIENTIFIC INSTALLATION

Papers/year using some open-source software

0

500

1000

1500

2000

2500

3000

20
09

20
10

20
11

20
12

20
13

20
14

20
15

20
16

20
17

20
18

20
19

55

390
639

826
1057

1261
1486

1721
1963

2343

2736

0

100

200

300

400

500

600

20
08

20
09

20
10

20
11

20
12

20
13

20
14

20
15

20
16

20
17

20
18

20
19

10 15 34 60
100117

158
214

292

416
475

559

www.quantum-espresso.org www.wannier.org

http://www.quantum-espresso.org/
http://www.wannier.org/


April 2020 - Fireside chats for lockdown times: Introduction to DFT (Part 1 of 3) - Nicola Marzari (EPFL)

QUANTUM MECHANICS IN 5 MINUTES



When is a particle like a wave ?

Wavelength • momentum = Planck constant

↕
λ • p = h

(h = 6.626 x 10-34 J s = 2π a.u.)



When is a particle like a wave ?

Wavelength • momentum = Planck constant

↕
λ • p = h

(h = 6.626 x 10-34 J s = 2π a.u.)

http4://www.kfunigraz.ac.at/imawww/vqm/

http://www.kfunigraz.ac.at/imawww/vqm/


AROSA (GRISONS), 27th DECEMBER 1925

At the moment I am struggling with a new 
atomic theory. I am very optimistic about this 
thing and expect that if I can only… solve it, it 
will be very beautiful. 

Erwin Schrödinger
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AROSA (GRISONS), 27th DECEMBER 1925
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It’s an information challenge

We need to know 
the amplitude (a 
complex number) at 
every point and at 
every instant

),( tr!Y=Y
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Time-independent potential →
Ψ(x,t)=ϕ(x)f(t)

 
i! d
dt
f (t) = E f (t)



Already an approximation
• We treat only the electrons as quantum particles, in the field of 

the fixed (or slowly varying) nuclei

• This is generically called the adiabatic or Born-Oppenheimer
approximation

• Adiabatic means that there is no coupling between different 
electronic surfaces; B-O no influence of the ionic motion on one 
electronic surface.
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E(
!
Ri ) = minψ E(

!
Ri,ψ )



A Born-Oppenheimer violation

Shift of phonon frequency with 
doping of a single graphene layer

Strong coupling between electron and 
nuclear coordinates for phonons with 
q = 2 kF (Kohn anomaly)

Time-dependent DFT

Adiabatic (BO) DFT
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Quantum effects in the nuclear motion:
tunnelling

Quantum paraelectricity in SrTiO3 (Vanderbilt)Hydrated hydroxide diffusion (Tuckerman, 
Marx, and Parrinello)
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http://www.quantum.univie.ac.at/research/c60/

Quantum effects in the nuclear motion:
tunnelling

http://www.quantum.univie.ac.at/research/c60/
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Constant-pressure specific 
heat for graphite: DFT vs expt

PRB 71, 205214 (2005)

Quantum effects in the nuclear motion:
Bose-Einstein statistics



“Potential energy surface” for atom A 
deposited on a metal M

E. Hasselbrink, Current Opinion in Solid State and Materials 
Science 10, 192 (2006)

metal M (low work function)

atom A 
(electronegative)

adiabatic cross-over
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Energy of a collection of atoms

• "𝑇!: quantum kinetic energy of the electrons (1-body operator)
• "𝑉!"#: electrons in the field of all the nuclei (1-body)
• "𝑉!"!: electron-electron interactions (2-body)

• TN: classical kinetic energy of the nuclei
• VN-N: classical electrostatic nucleus-nucleus repulsion

 
T̂e =−

1
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!𝐻 = $𝑇!+$𝑉!"#+	 $𝑉!"! +𝑇# +𝑉#"#



The electronic wave function becomes an 
informational challenge

“... the full specification of a single wave function of neutral iron is a function of 78
variables. It would be rather crude to restrict to 10 the number of values of each
variable … even so, full tabulation would require 1078 entries.”

Douglas R Hartree
Charles G. Darwin, Biographical Memoirs of Fellows of the Royal Society, 4, 102 (1958)
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How to easily solve differential equations? 
Use the variational principle

[ ]
Ĥ

E
Y Y

Y =
Y Y

If E[Ψ]=E0, then Ψ is the ground-
state wavefunction, and viceversa…

[ ] 0E EY ³
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Hartree Equations
The Hartree equations can be obtained directly from the 

variational principle, once the search is restricted to the many-
body wavefunctions that are written as the product of single 

orbitals (i.e. we are working with independent electrons)
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The self-consistent field
• We have n simultaneous 1-particle integro-

differential equations
• The Hartree operator is self-consistent. It depends 

on the orbitals that are the solution of all other 
Hartree equations ⇒ solution must be achieved 
iteratively
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It’s a mean-field approach

• Independent particle model (Hartree): each electron 
moves in an effective potential, representing the 
attraction of the nuclei and the average effect of the 
repulsive interactions of the other electrons

• This average repulsion is the electrostatic repulsion of the 
average charge density of all other electrons a
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Iterations to self-consistency

1) Initial guess at the orbitals
2) Construction of the Hartree operators
3) Solution of the single-particle Hartree

equations (each one, Schrödinger-like)
4) With this new set of orbitals, construct 

the Hartree operators again
5) Iterate the procedure until it (hopefully) 

converges
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Differential analyzer



As We May Think – Atlantic Monthly Jul 1945
• The advanced arithmetical machines of the future […] will perform complex arithmetical

computations at exceedingly high speeds, and they will record results in such form as to be readily
available for distribution or for later further manipulation.

• Only then will mathematics be practically effective in bringing the growing knowledge of atomistics
to the useful solution of the advanced problems of chemistry, metallurgy, and biology.

• A memex is a device in which an individual stores all his books, records, and communications, and
which is mechanized so that it may be consulted with exceeding speed and flexibility. It is an enlarged
intimate supplement to his memory.

• It consists of a desk, and while it can presumably be operated from a distance, it is primarily the
piece of furniture at which he works. On the top are slanting translucent screens, on which material
can be projected for convenient reading. There is a keyboard, and sets of buttons and levers.

• Wholly new forms of encyclopedias will appear, ready made with a mesh of associative trails
running through them.

• The chemist, struggling with the synthesis of an organic compound, has all the chemical literature
before him in his laboratory, with trails following the analogies of compounds, and side trails to
their physical and chemical behavior.
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• All elementary particles are either fermions
(half-integer spins) or bosons (integer)

• A set of identical (indistinguishable) 
fermions has a wavefunction that is totally 
antisymmetric by exchange

• (for bosons it is totally symmetric)
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Spin-Statistics

 ψ (
!r1,
!r2,...,

!rj ,...,
!rk ,...,

!rn ) = −ψ (!r1,
!r2,...,rk ,...,

!rj ,...,
!rn )
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Slater determinant
A totally antisymmetric wavefunction is constructed as 
a Slater determinant of the individual orbitals (instead 
of just a product, as in the Hartree approach)
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Pauli principle

• If two states are identical, the determinant 
vanishes (i.e. we can’t have two electrons 
in the same quantum state)
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Hartree-Fock Equations

− 1
2
∇i
2 + V (


RI −

I
∑ ri )

⎡

⎣
⎢

⎤

⎦
⎥ϕλ (
ri ) +

µ
∑ ϕµ

* (rj )
1

| rj −
ri |

∫ ϕµ (
rj )d
rj

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ϕλ (
ri ) −

ϕµ
* (rj )

1
| rj −
ri |

∫ ϕλ (
rj )d
rj

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ϕµ (
ri )

µ
∑ = εϕλ (

ri )

Slaterrr n =),...,( 1
!!y

The Hartree-Fock equations are, again, obtained from the variational principle: we 
look for the minimum of the many-electron Schroedinger equation in the class of all 
wavefunctions that are written as a single Slater determinant



Reduced density matrices

γ 2 ′r1, ′r2,r1,r2( ) =

γ 1 ′r1, r1( ) =

N(N −1)
2

...∫ Ψ ′r1, ′r2,r3,r4 ,...,rN( )Ψ* r1,r2,r3,r4 ,...,rN( )dr3 dr4 ...drN∫

N ...∫ Ψ ′r1, r2, r3, r4,..., rN( )Ψ* r1, r2, r3, r4,..., rN( )dr2 dr3 dr4...drN∫
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A variation principle for RDMs

E = − 1
2
∇1
2 + v r1( )⎛

⎝⎜
⎞
⎠⎟ γ 1 ′r1,r1( )⎡

⎣⎢
⎤
⎦⎥∫

′r1=r1

dr1 +

1
r12

γ 2 r1,r2,r1,r2( )∫∫ dr1 dr2

N-representability problem!
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Density-functional theory

• The external potential Vext and the number N of 
electrons completely define the quantum 
problem

• The wavefunctions are – in principle – uniquely 
determined, via the Schrödinger Equation

• All system properties follow from the 
wavefunctions

• The energy (and everything else) is thus a 
functional of Vext and N
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The Thomas-Fermi approach

• Let’s try to find out an expression for the 
energy as a function of the charge density

• E=kinetic+external+el.-el.
• Kinetic is the tricky term: how do we get 

the curvature of a wavefunction from the 
charge density ?

• Answer: local density approximation
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Local-density approximation

• We take the kinetic energy density at every 
point to correspond to the kinetic energy 
density of the non-interacting homogenous 
electron gas

 T (
!r ) = Aρ

5
3 (!r )

 
ETh−Fe[ρ]= A ρ

5
3 (!r )d!r∫ + ρ(!r )vext (

!r )d!r∫ + 1
2

ρ(!r1)ρ(
!r2 )

| !r1 −
!r2 |

d!r1 d
!r2∫∫
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It’s a poor man Hartree…

• The idea of an energy functional is not justified
• It does not include exchange effects - but Dirac 

proposed to add the LDA exchange energy:

• It scales linearly, and we deal with 1 function of 
three coordinates !

 
−C ρ(!r )

4
3 d!r∫
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The Argon atom
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First Hohenberg-Kohn theorem

The density as the basic variable: 
the external potential and the 

number of electrons determine 
uniquely the charge density, and 
the charge density determines 
uniquely the external potential 
and the number of electrons.
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The universal functional F n r⃗

• The ground state density n r⃗ determines 
the potential of the Schrödinger equation, 
and thus the wavefunction Ψ; we define 

• It’s an emotional moment…
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F n r⃗ = Ψ !T!+ !V!"! Ψ



Second Hohenberg-Kohn theorem

The variational principle – we have an 
alternative to Schrödinger’s equation, 

expressed in  terms of the charge density only! 

(n r⃗ determines its groundstate wavefunction, that can be taken 
as a trial wavefunction in this external potential)

Ψ Ĥ Ψ = Ψ T̂ + V̂e−e + vext Ψ = ρvext + F[ρ]∫
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𝐸!!"# n r⃗ = F n r⃗ + )𝑉"#$ r⃗ n r⃗ 𝑑r⃗ ≥ 𝐸%



The non-interacting unique mapping

• A reference system is introduced (the Kohn-
Sham electrons)

• These electrons do not interact, and live in an 
external potential (the Kohn-Sham potential) 
such that their ground-state charge density is 
identical to the charge density of the 
interacting system
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Though this be madness, 
yet there’s method in’t

• For a system of non-interacting electrons, the 
Slater determinant is the exact wavefunction (try 
it, with 2 orbitals)

• The kinetic energy of the non interacting system -
called Ts 𝑛 𝑟 - is well defined. 

• The Hartree energy EH 𝑛 𝑟 is well defined.
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Electronic total energy
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From the variational principle ⇒
Euler-Lagrange equations

   
δ F[n(!r )]+ vext (∫ !r )n(!r )d!r − µ n(!r )d!r − N∫( )( ) = 0

   

δ F[n(!r )]
δn(!r )

+ vext (
!r ) = µ
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I.e. the Kohn-Sham equations
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What about Exc ? LDA!
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In full detail…
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It works!

Yin and Cohen, 
PRL 1980 and 

PRB 1982
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